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Abstract
We study the instanton effective action of four-dimensional deformed N = 4
supersymmetric Yang-Mills theory in the presence of constant, self-dual Ramond-
Ramond (R-R) 3-form background in type IIB superstring theory. We compare the
instanton effective action with the low-energy effective action on D(−1)-branes in
the D3-D(−1) system in the same background. We find that discrepancy appears at
the second order of the R-R background, which was also observed in deformedN = 2
theory. This discrepancy is resolved if the action of the deformed gauge theory is
improved by introducing a term with coordinate-dependent gauge coupling. We
obtain the same deformed instanton effective action from super Yang-Mills theory
in ten-dimensional Ω-background by dimensional reduction. We also discuss another
type of R-R 3-form background which corresponds to massive deformations of the
instanton effective action.
1 Introduction
It has been known that closed string backgrounds induce non-trivial effects on D-branes,
which are useful to investigate non-perturbative effects in gauge theories. The low-energy
effective field theories on D-branes in closed string backgrounds are described by deformed
gauge theories. For example, the field theory on D-branes in the constant NS-NS B-
field background is described by noncommutative gauge theory [1, 2]. It was shown
that noncommutativity resolves the small instanton singularity in the moduli space of
instantons [3].
Since superstring theory contains various Ramond-Ramond (R-R) closed string back-
grounds, it would be interesting to study supersymmetric gauge theories deformed in R-R
backgrounds. These deformed theories are useful to investigate non-perturbative effects
in field theories and also stringy effects from the viewpoint of field theory. Constant self-
dual graviphoton background, for example, plays an important role to study F-terms in
N = 1 supersymmetric gauge theories [4, 5, 6, 7]. This background originates from the
self-dual R-R 5-form in type IIB superstring theory.
To obtain deformed low-energy effective theories in closed string backgrounds by tak-
ing the zero-slope limit α′ → 0, we need to specify the scaling condition for the back-
grounds. For example, the constant self-dual graviphoton background F (αβ), where α, β
are four-dimensional spinor indices and (αβ) denotes the symmetrization with respect
to α and β, with fixed (2πα′)
3
2F (αβ) induces non(anti)commutativity in N = 1 super-
space [8, 9]. Supersymmetric gauge theories and deformed instantons in the N = 1
non(anti)commutative superspace have been studied extensively [10, 11, 12], which are
realized by D3-branes and D(−1)-branes at the singularity of the orbifold C3/(Z2 × Z2)
in the graviphoton background [13].
When we consider D3-branes at theC2/Z2 orbifold singularity, the low-energy effective
theory is described by N = 2 super Yang-Mills theory. The self-dual R-R 5-form back-
ground F (αβ)(IJ) with the scaling condition (2πα′) 32F (αβ)(IJ) = fixed, where I, J = 1, 2
are SU(2)R R-symmetry indices, induces N = 2 non(anti)commutative superspace with
non-singlet deformation [14, 15]. The constant R-R 1-form field strength background
F [αβ][IJ ], where [αβ] denotes the anti-symmetrization with respect to α and β, is expected
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to provide the singlet deformation (see for example [16]). The low-energy effective theory
of D3-branes in the self-dual R-R 5-form background F (αβ)(AB) (A,B = 1, · · · , 4) on the
flat ten-dimensional spacetime has been studied in [17, 18], which would correspond to
non(anti)commutative N = 4 super Yang-Mills theory [19, 20, 21]. Here A and B are
SU(4)R R-symmetry indices.
Recently, low-energy effective theories on D-branes in the constant R-R 3-form field
strength background have been attracted much attentions in study of non-perturbative
effects in supersymmetric gauge theories. There are two types of the constant R-R 3-form
field strength: F (αβ)[IJ ] and F [αβ](IJ). We call these (S,A) and (A,S)-type background,
respectively. In [22], they studied the low-energy effective action of D(−1)-branes in the
D3-D(−1) system located at the singularity of the orbifoldC2/Z2 in the (S,A)-background
with the scaling condition (2πα′)
1
2F (αβ)[IJ ] = fixed and found that the action coincides
with the instanton effective action of N = 2 super Yang-Mills theory in the Ω-background.
This deformed instanton effective action is very useful to obtain the exact formula of the
prepotential via localization technique [23, 24].
In [25], we studied the deformed N = 2 and N = 4 super Yang-Mills theories as
the low-energy effective action of the D3-branes in the (S,A) and (A,S)-type backgrounds
with the same scaling condition as in [22]. Then it is natural to expect that the instanton
effective action derived from the D3-D(−1) system can be also calculated from the ADHM
construction of instantons [26] of the deformed gauge theory. However, in [27, 28] we found
that there exists a discrepancy between the ADHM construction of instanton effective
action in deformed N = 2 super Yang-Mills theory and the D(−1)-brane effective action
in the D3-D(−1) system at the second order in the R-R background. This is due to the
fact that the (S,A)-background field gives the mass term to the moduli corresponding to
the position of D(−1)-branes, which breaks the translational symmetry. We showed that
if we improve the action of the deformed gauge theory by adding a term with coordinate-
dependent gauge coupling constant, we can recover the instanton effective action obtained
from the D3-D(−1) system. Although we do not know yet string theoretical derivation
of this improvement term, the deformed gauge theory in the (S,A)-background provides
a simple method to obtain the deformed instanton effective action from the D-brane
configuration. Therefore it is interesting to investigate whether this kind of improvement
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of the deformed action happens in other theories.
In this paper, we will generalize the N = 2 calculations [27, 28] to the case of deformed
N = 4 super Yang-Mills theories. Since N = 4 theories have maximal supersymmetry,
the (S,A) and (A,S)-type backgrounds admit more general deformations and the deformed
N = 2 theories can be obtained by the orbifold projection. The deformed effective
action of the D(−1)-branes embedded in the D3-branes is evaluated by the open string
disk amplitudes with background corrections and is compared with the ADHM instanton
calculus based on the deformed D3-brane action. As in the case of the N = 2 theory,
we find a disagreement between them at the second order in the deformation parameter.
This disagreement can be resolved by adding a term with spacetime coordinate-dependent
gauge coupling, which we call the improvement of the action. We then find that both
approaches give the same result. We also find that this instanton effective action is
obtained from N = 4 gauge theory in the Ω-background defined in ten dimensions, which
is a natural generalization of the six-dimensional Ω-background in N = 2 theory [23].
We will also discuss the (A,S)-type deformation of the instanton effective action. In
the case of the (S,A)-type deformation, certain bosonic ADHM moduli have mass term,
whose mass depends on the deformation parameters. In the case of the (A,S)-type, the
chiral fermions in deformed super Yang-Mills theory have mass term. In fact, the (A,S)-
deformed instanton effective action becomes that of mass deformed N = 4 super Yang-
Mills theories. In the instanton effective action, this corresponds to mass term for certain
fermionic moduli.
The organization of this paper is as follows. In the next section, we evaluate open
string disk amplitudes corresponding to the string that at least one of the end points is
attached on the D(−1)-branes and calculate the deformed instanton effective action up
to the second order in the deformation parameter. In section 3, we study the (S,A)-type
deformed N = 4 super Yang-Mills theory on the D3-branes and the ADHM construction
of instantons. In section 4, we study the Ω-background deformation of N = 4 super
Yang-Mills theory and compare the results with those obtained in section 2 and 3. In
section 5, we study the deformation in the (A,S)-type background. Section 6 is devoted
to conclusions and discussion. Detailed calculations of open string disk amplitudes are
presented in appendix A. A brief introduction of the ADHM construction can be found
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in appendix B.
2 (S,A)-deformed N = 4 instanton effective action
from string amplitudes
In this section we calculate the instanton effective action based on the low-energy ef-
fective action of the D3-D(−1) system deformed in the (S,A)-type background. Firstly
we summarize notations and conventions used in this paper. We denote α, α˙ = 1, 2
spinor indices of four dimensional Euclidean spacetime xm = (x1, x2, x3, x4), which is the
worldvolume of D3-branes. We follow the notation of [29]. Euclidean sigma matrices
are σmαα˙ = (iτ
1, iτ 2, iτ 3, 1) and σ¯α˙αm = (−iτ 1,−iτ 2,−iτ 3, 1), where τ c (c = 1, 2, 3) are
the Pauli matrices. They satisfy σmσ¯n + σnσ¯m = σ¯mσn + σ¯nσ¯m = 2δmn. The Lorentz
generators are σmn =
1
4
(σmσ¯n−σnσ¯m) and σ¯mn = 14(σ¯mσn− σ¯nσm). The ’t Hooft symbols
ηcmn and η¯
c
mn are defined by σmn =
i
2
ηcmnτ
c and σ¯mn =
i
2
η¯cmnτ
c. We use A = 1, . . . , 4 for
SU(4)R R-symmetry indices for the rotation in six-dimensional space x
a = (x5, . . . , x10),
which represents transverse directions of D3-branes. The six-dimensional matrices Σa and
Σ¯a (a = 5, . . . , 10) are
(Σa)AB =
(
η3,−iη¯3, η2,−iη¯2, η1, iη¯1) , (Σ¯a)AB = (−η3,−iη¯3,−η2,−iη¯2,−η1, iη¯1),
(2.1)
which satisfy Σ¯aΣb + Σ¯bΣa = ΣbΣ¯a + ΣaΣ¯b = 2δab. The Lorentz generators are Σab =
1
4
(ΣaΣ¯b − ΣbΣ¯a) and Σ¯ab = 1
4
(Σ¯aΣb − Σ¯bΣa).
Instantons with topological number k are obtained by the ADHM construction and
are parametrized by the ADHM moduli [26]. In N = 4 super Yang-Mills theory, the
bosonic ADHM moduli are (a′αα˙)ij and wujα˙, where i, j = 1, . . . , k are instanton indices,
u = 1, . . . , N is a gauge index. We define (a′m)ij as (a
′
m)ij =
1
2
σ¯α˙αm (a
′
αα˙)ij . In addition,
we introduce bosonic auxiliary fields χa and D
c (c = 1, 2, 3), which are k × k complex
matrices. Dc is the Lagrange multiplier for the ADHM constraints. Fermionic ADHM
moduli are µuj and (M′Aα )ij . There exist fermionic auxiliary fields ψ¯α˙A for the fermionic
ADHM constraints.
In string theory, gauge theory instantons with instanton number k are understood as
k D(−1)-branes embedded in D3-brane worldvolume [30]. The N = 4 ADHM moduli
4
Brane Vertex Operator Representation
D(−1)/D(−1) V (−1)a′ (y) =
π√
2
(2πα′)
1
2g0a
′
mψ
me−φ(y)
V (−1)χ (y) =
1√
2
(2πα′)
1
2χaψ
ae−φ(y)
V
(−1/2)
M (y) = π(2πα
′)
3
4 g0M′αASαSAe− 12φ(y) U(k) adjoint
V
(−1/2)
ψ¯
(y) = 2(2πα′)
3
4 ψ¯α˙AS
α˙SAe−
1
2
φ(y)
V
(0)
D (y) = 2(2πα
′)Dcη¯
c
mnψ
nψm(y)
V
(0)
Y (y) = 4π(2πα
′)g0Ymaψ
mψa(y)
D3/D(−1) V (−1)w (y) =
π
2
(2πα′)
1
2g0wα˙∆S
α˙e−φ(y)
V
(−1)
w¯ (y) =
π
2
(2πα′)
1
2g0w¯α˙∆¯S
α˙e−φ(y)
V (−1/2)µ (y) = π(2πα
′)
3
4 g0µ
A∆SAe
− 1
2
φ(y) U(k)× U(N) bi-fundamental
V
(−1/2)
µ¯ (y) = π(2πα
′)
3
4 g0µ¯
A∆¯SAe
− 1
2
φ(y)
V
(0)
X (y) = 2
√
2π(2πα′)g0Xα˙a∆S
α˙ψa(y)
V
(0)
X¯
(y) = 2
√
2π(2πα′)g0X¯α˙a∆¯S
α˙ψa(y)
Table 1: N = 4 ADHM vertex operators
parameters of the instantons correspond to the zero-modes of the open strings whose
at least one endpoint is attached to the D(−1)-branes. The instanton effective action
is obtained by evaluating the disk amplitudes which contain vertex operators associated
with the ADHM moduli and the vacuum expectation values (VEVs) of the adjoint scalars
living on the D3-branes. The effect of closed string backgrounds is interpreted as the
insertions of the closed string vertex operators in the disk [22].
We start from reviewing the undeformed instanton effective action in the absence of the
(S,A)-type background [31]. We use the NSR formalism to calculate disk amplitudes. The
relevant vertex operators associated with the instanton moduli are listed in Table 1 [31].
Here we denote the vertex operator for moduli Φ in the q-picture by V
(q)
Φ . The worldsheet
fermions are decomposed into ψm and ψa. φ is the bosonized ghost whose momentum in a
vertex operator specifies the picture number. ∆ and ∆¯ are twist fields, which interchange
the D3 and D(−1) boundary in a disk amplitude [32]. The ten-dimensional spin field is
decomposed into the four-dimensional part Sα, Sα˙ and the six-dimensional part S
A, SA.
More detailed explanation for the convention and notation of these worldsheet variables
can be found in [14, 17]. The zero-modes from the D(−1)/D(−1) strings belong to the
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adjoint representation of U(k). Its generators tU are normalized as trk[t
U tV ] = κδUV ,
where the trace is taken over k×k matrices. g0 = (2π)− 32g
1
2
s α′−1 is the coupling constant of
the D(−1)-branes [33], which should go to infinity in the zero-slope limit with fixed string
coupling constant gs. Note that in order to reproduce the correct field theory result, some
of the moduli should be rescaled by g0 in the zero-slope limit [31]. In addition to theN = 4
ADHM moduli fields it is convenient to introduce new auxiliary fields Yma, Xα˙a, X¯
α˙
a to
write quartic interaction terms from the cubic interactions for the auxiliary fields as in
the case of N = 2 [22].
From the charge conservation for the bosonized fermions in the correlator, it is easy
to find that the non-zero amplitudes in the limit α′ → 0 are
〈〈V (0)Y V (−1)χ V (−1)a′ 〉〉, 〈〈V (0)X V (−1)χ V (−1)w¯ 〉〉, 〈〈V (−1)w V (−1)χ V (0)X¯ 〉〉,
〈〈V (−1/2)µ¯ V (−1)χ V (−1/2)µ 〉〉, 〈〈V (−1/2)M′ V (−1/2)M′ V (−1)χ 〉〉, 〈〈V (−1/2)ψ¯ V
(−1/2)
µ¯ V
(−1)
w 〉〉,
〈〈V (−1/2)
ψ¯
V
(−1)
w¯ V
(−1/2)
µ 〉〉, 〈〈V (−1/2)ψ¯ V
(−1/2)
M′ V
(−1)
a′ 〉〉, 〈〈V (0)D V (−1)w¯ V (−1)w 〉〉, 〈〈V (0)D V (−1)a′ V (−1)a′ 〉〉.
(2.2)
Calculating all the amplitudes and taking the limit, we find that the amplitudes in (2.2)
are reproduced by the following low-energy effective action
S0str =
2π2
κ
trk
[
Y maYma −Xα˙aX¯ α˙a
+2Y ma[χa, a
′
m]−Xα˙a(χaw¯α˙ − w¯α˙φ0a)− (wα˙χa − φ0awα˙)X¯ α˙a
+
1
2
(Σ¯a)ABµ¯
A(−µBχa + φ0aµB)−
1
2
(Σ¯a)ABM′αAM′αBχa
−iψ¯α˙A
(
µ¯Awα˙ + w¯α˙µ
A + [M′αA, a′αα˙]
)
−iDc(τ c)α˙β˙
(
w¯β˙wα˙ + a¯
′β˙αa′αα˙
)]
(2.3)
where φ0a are the VEVs of the adjoint fields in N = 4 super Yang-Mills theory. Note that
the VEV-dependent amplitudes can be calculated similarly by replacing χa → −φ0a.
The instanton effective action (2.3) is invariant under the supersymmetry transforma-
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tions:
δa′αα˙ = iξ¯α˙AM′αA,
δM′αA = −2iξ¯α˙B(Σa)ABYma(σm)αα˙,
δYma = iξ¯
β˙
C [χb,M′αA](σm)αβ˙(Σ¯ba)AC + 2(Σa)AB(σ¯nm)γ˙ β˙ ξ¯β˙B[ψ¯γ˙A, a′n],
δwα˙ = iξ¯α˙Aµ
A,
δµA = 2iξ¯α˙B(Σ
a)ABXα˙a,
δXα˙a = 2iξ¯α˙B(Σ¯
ba)C
B(µCχb − φ0bµC)− ξ¯β˙A(Σa)AB(wα˙ψ¯β˙B − 2δβ˙α˙wγ˙ψ¯γ˙B),
δw¯α˙ = iξ¯α˙Aµ¯
A,
δµ¯A = 2iξ¯α˙B(Σ
a)ABX¯ α˙a ,
δX¯ α˙a = 2i(Σ¯
ba)A
C ξ¯α˙C(χbµ¯
A − µ¯Aφ0b)− (Σa)AB ξ¯β˙A(ψ¯β˙Bw¯α˙ − 2εα˙β˙ψ¯γ˙Bw¯γ˙),
δχa = (Σ
a)AB ξ¯α˙Aψ¯
α˙
B,
δψ¯α˙A = (Σ¯
ab)A
B[χa, χb]ξ¯
α˙
B − i ~D · ~τ α˙β˙ ξ¯β˙A,
δ ~D = −i~τ α˙β˙(Σa)AB ξ¯α˙B[ψ¯β˙A, χa]. (2.4)
After integrating out the auxiliary fields Yma, Xα˙a, X¯α˙a in (2.3), we obtain the low-
energy effective action [34]
S˜0str =
2π2
κ
trk
[
− [χa, a′m]2 +
(
wα˙χa − φ0awα˙
) (
χaw¯
α˙ − w¯α˙φ0a
)
+
1
2
(Σ¯a)ABµ¯
A(−µBχa + φ0aµB)−
1
2
(Σ¯a)ABM′αAM′αBχa
]
+SADHM, (2.5)
where
SADHM =
2π2
κ
trk
[
− iψ¯α˙A
(
µ¯Awα˙ + w¯α˙µ
A + [M′αA, a′αα˙]
)
−iDc(τ c)α˙β˙
(
w¯β˙wα˙ + a¯
′β˙αa′αα˙
)]
, (2.6)
is the terms providing the (fermionic) ADHM constraints. This action indeed agrees with
the instanton effective action for N = 4 super Yang-Mills theory based on the ADHM
construction [35].
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Let us introduce the (S,A)-type background. The vertex operator corresponding to
this background in the (−1/2,−1/2) picture is given as [25]
V
(−1/2,−1/2)
F (z, z¯) = (2πα
′)F (αβ)[AB]SαSAe− 12φ(z)SβSBe− 12φ(z¯), (2.7)
where we have identified the left- and right-moving fields due to the boundary condition at
z = z¯ [31]. Since the background contains two four-dimensional spin fields Sα, Sβ, we need
to insert other vertex operators including SαSβ or ψ
m to get non-zero results. Otherwise
the amplitude A behaves like A ∝ εαβF (αβ)[AB] and gives vanishing contribution. The
candidates of such (combinations of ) vertex operators are Va′ , VM′VM′, VD, VY . However,
we should also saturate the internal SU(4)R charge. It is impossible to do this only by
the insertions of Va′ , VD. Therefore non-zero amplitudes which contain one V
(−1/2,−1/2)
F
must also contain VM′VM′ or VY . Considering power counting of α
′ and g0, we find that
the non-zero amplitudes after taking the zero-slope limit are
〈〈V (−1/2)M′ V (−1/2)M′ V (−1/2,−1/2)F 〉〉, 〈〈V (0)Y V (−1)a′ V (−1/2,−1/2)F 〉〉. (2.8)
These amplitudes are evaluated in the appendix A. After taking the zero-slope limit, the
first amplitude in (2.8) becomes
〈〈V (−1/2)M′ V (−1/2)M′ V (−1/2,−1/2)F 〉〉 =
2π2
κ
trk
[
1
2
(Σ¯a)ABM′Aα M′Bβ (2πi2)(2πα′)
1
2 (Σ¯a)CDF (αβ)[CD]
]
.
(2.9)
The second amplitude in (2.8) is evaluated as
〈〈V (0)Y V (0)a′ V (−1/2,−1/2)F 〉〉=
2π2
κ
trk
[
− i√
2
(2πi)(σmn)αβ(Σ¯
a)ABYmaa
′
n(2πα
′)
1
2F (αβ)[AB]
]
.(2.10)
These amplitudes are reproduced by the interaction terms on the D(−1)-branes induced
by the (S,A)-type background, which are given by
δS(S,A) =
2π2
κ
trk
[
2Ymaa
′
nC
mna − 1
4
(Σ¯a)ABM′Aα M′Bβ C(αβ)a
]
, (2.11)
where
Cmna = εβγ(σ
mn)α
γ(Σ¯a)ABC
(αβ)[AB],
C(αβ)a = (Σ¯a)ABC
(αβ)[AB],
C(αβ)[AB] = −2π(2πα′) 12F (αβ)[AB]. (2.12)
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We note that Cmna satisfies the self-dual condition
Cmna =
1
2
εmnpqCpq
a. (2.13)
The deformation term δS(S,A) is added to the undeformed part (2.5). After integrating
out the auxiliary fields Yma, Xα˙a and X¯α˙a, we obtain the following deformed instanton
effective action
S˜Cstr =
2π2
κ
trk
[
− ([χa, a′m] + Cmnaa′n)2 +
(
wα˙χa − φ0awα˙
) (
χaw¯
α˙ − w¯α˙φ0a
)
+
1
2
(Σ¯a)ABµ¯
A(−µBχa + φ0aµB)−
1
2
(Σ¯a)ABM′αAM′αBχa
−1
4
(Σ¯a)ABC
(αβ)aM′αAM′βB
]
+ SADHM. (2.14)
This is a natural N = 4 extension of the N = 2 deformed instanton effective action found
in [22]. Note that at the second order in the R-R background, there is a mass term for
the position moduli a′m implying the fact that the position of the instantons are fixed at
the origin of the D3-brane worldvolume.
The deformed instanton effective action (2.14) preserves half of the N = 4 supersym-
metry. We can see that the action is invariant under the following deformed supersym-
metry transformations
δa′αα˙ = iξ¯α˙AM′αA,
δM′αA = 2iξ¯α˙B(Σa)AB(σm)αα˙([χa, a′m] + a′nCmna),
δwα˙ = iξ¯α˙Aµ
A,
δµA = −2iξ¯α˙B(Σa)AB(wα˙χa − φ0awα˙),
δw¯α˙ = iξ¯α˙Aµ¯
A,
δµ¯A = −2iξ¯α˙B(Σa)AB(χaw¯α˙ − w¯α˙φ0a),
δχa = (Σ
a)AB ξ¯α˙Aψ¯
α˙
B,
δψ¯α˙A = (Σ¯
ab)A
B[χa, χb]ξ¯
α˙
B − i ~D · ~τ α˙β˙ ξ¯β˙A,
δ ~D = −i~τ α˙β˙(Σa)AB ξ¯α˙B[ψ¯β˙A, χa]. (2.15)
To show the invariance, the deformation parameters must satisfy the condition
CmnaCnpb − CmnbCnpa = 0. (2.16)
9
As we will see in section 4, this corresponds to the flatness condition for the ten-dimensional
Ω-background spacetime.
3 (S,A)-deformed N = 4 super Yang-Mills theory
In this section, we calculate the instanton effective action from the (S,A)-deformed N = 4
U(N) super Yang-Mills theory obtained in [25]. Since we are interested in obtaining
instanton solutions, we perform the Wick rotation and consider the action in the Euclidean
spacetime. The deformed Lagrangian takes the form
L = L0 + LC , (3.1)
where LC denotes the (S,A)-deformation terms to the N = 4 super Yang-Mills theory.
L0 is the Lagrangian of N = 4 U(N) super Yang-Mills theory
L0 = 1
κ
Tr
[
1
4
FmnF
mn +
iθg2
32π2
FmnF˜
mn + ΛαA(σm)αβ˙DmΛ¯
β˙
A +
1
2
(Dmϕa)
2
−1
2
g (Σa)AB Λ¯α˙A[ϕa, Λ¯
α˙
B]−
1
2
g
(
Σ¯a
)
AB
ΛαA[ϕa,Λ
B
α ]−
1
4
g2[ϕa, ϕb]
2
]
. (3.2)
Here Fmn = ∂mAn − ∂nAm + ig[Am, An] is the field strength of the U(N) gauge field
Am. F˜
mn = 1
2
εmnpqFpq is the dual field strength. Λ
αA, Λ¯α˙A are gauginos, ϕa are adjoint
scalar fields, Dm∗ = ∂m∗+ig[Am, ∗] is the gauge covariant derivative, g is a gauge coupling
constant and θ is a theta angle. We denote T u as the basis of U(N) generators normalized
as Tr(T uT v) = κδuv with constant factor κ.1 The (S,A)-deformation term LC in (3.1) is
given by [25]
LC = −1
κ
Tr
[
igFmnϕaC
mna − gεABCDΛ Aα Λ Bβ C(αβ)[CD] +
1
2
g2ϕaϕbC
a
mnC
mnb
]
+ · · · ,(3.3)
where the deformation parameters Cmna and C(αβ)[AB] are defined in (2.12) and · · · stands
for the O(C3) contributions to the Lagrangian L.
1We use the same normalization for U(N) generators and U(k) generators.
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The equations of motion are
D2ϕa − g(Σa)ABΛ¯α˙AΛ¯α˙B − g(Σ¯a)ABΛαAΛαB + g2
[
ϕb, [ϕa, ϕb]
]
+
+ igFmnC
mna + g2ϕbCmn
aCmnb = 0,
(σm)αβ˙DmΛ¯
β˙
A − g(Σ¯a)AB[ϕa,ΛαB] + 2gεABCDΛβBC(αβ)[CD] = 0,
(σ¯m)α˙βDmΛβ
A − g(Σa)AB[ϕa, Λ¯α˙B] = 0,
Dm(F
mn + F˜mn − 2igϕaCmna)− ig[ϕa, Dnϕa]− g(σn)αβ˙{ΛαA, Λ¯β˙A} = 0.
(3.4)
As in the case of the deformed N = 2 super Yang-Mills theory [27, 28], the terms which
contain the gauge field strength and quadratic terms in C in the action are combined into
the perfect square form S ′ as
S ′ =
∫
d4x
1
κ
Tr
[
1
2
(
F (−)mn
)2 − igCmnaϕaF (+)mn − 12g2(Cmnaϕa)2
]
+
(
8π2
g2
+ iθ
)
k
=
∫
d4x
1
κ
Tr
[
1
2
(
F (+)mn − igCmnaϕa
)2]
+
(
−8π
2
g2
+ iθ
)
k, (3.5)
where we have defined F
(±)
mn = 12(Fmn ± F˜mn) and have used (2.13). We then obtain the
self-dual and anti-self-dual equations for the gauge field
F (−)mn = 0, for self-dual case, (3.6)
F (+)mn − igCmnaϕa = 0, for anti-self-dual case. (3.7)
In the Coulomb branch, the adjoint scalar fields ϕa are able to have VEVs. We
need to expand the solution in the gauge coupling constant g and solve the equations
perturbatively. However, unlike the N = 2 case, we can not solve the set of equations
of motion exactly even for the C = 0 case [35], so we will expand the field around the
approximate solution of the equations. The expansion in g is valid when the VEVs of
scalar fields are large. Then the classical action S is expanded in the gauge coupling
constant g as
S =
8π2|k|
g2
+ ikθ + g0S
(0)
eff +O(g2), (3.8)
where S
(0)
eff is the instanton effective action which is expressed by the ADHM moduli. To
calculate the instanton effective action, we need to solve the equations of motion (3.4) in
the instanton background at the leading order in the gauge coupling constant and write
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down the solution in terms of the ADHM moduli. Plugging this solution into the classical
action, we obtain the instanton effective action S
(0)
eff .
Since the anti-self-dual solution is not deformed as we discuss later, we investigate the
solutions for the self-dual case. For the self-dual condition (3.6), the solution is expanded
in the gauge coupling as [35]
Am =g
−1A(0)m + g
1A(1)m + · · · ,
ΛA =g−
1
2Λ(0)A + g
3
2Λ(1)A + · · · ,
Λ¯A =g
1
2 Λ¯
(0)
A + g
5
2 Λ¯
(1)
A + · · · ,
ϕa =g
0ϕ(0)a + g
2ϕ(1)a + · · · .
(3.9)
Then the equations of motion in the self-dual background at the leading order are
(σ¯m)α˙α∇mΛ(0)Aα = 0, (3.10)
(σm)αβ˙∇mΛ¯(0)β˙A − i(Σ¯a)AB
[
ϕ(0)a ,Λ
(0)B
α
]
+ 2εABCDΛ
(0)βBC(αβ)
[CD] = 0, (3.11)
∇2ϕ(0)a − (Σ¯a)ABΛ(0)αAΛ(0)Bα + iF (0)mnCmna = 0, (3.12)
∇m(F (0)mn + F˜ (0)mn) = 0, (3.13)
where ∇m denotes the gauge covariant derivative in the self-dual instanton background.
Similar to the N = 2 case [22, 27, 28], we can write the solution in the following form
A(0)m = −iU¯∂mU,
Λ(0)Aα = Λα(MA) = U¯(MAf b¯α − bαfM¯A)U,
ϕ(0)a = −
1
4
(Σ¯a)ABU¯MAfM¯BU + U¯
(
φ0a 0
0 χa12 + 1kCa
)
U,
(3.14)
where φ0a are the VEVs of the adjoint scalar fields ϕa. Ca is the 2×2 matrix whose
components are (Ca)α
β = (σmn)α
βCmna. χa should satisfy the equation
Lχa =
1
4
(Σ¯a)ABM¯AMB + w¯α˙φ0awα˙ + Cmna[a′m, a′n], (3.15)
where L is defined in (B.15). We present the derivation of these solutions in Appendix B.
As in the N = 2 case, the self-dual condition F (0)(−)mn = 0 is consistent with the equation of
motion (3.13). Note that we do not need to find the solution for the anti-chiral fermion Λ¯(0)
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since it contributes to the classical action as the subleading order in the gauge coupling
constant.
Substituting the expansion (3.9) back into the classical action, the instanton effective
action S
(0)
eff in (3.8) is
S
(0)
eff =
∫
d4x
1
κ
∂mtrk
[
1
2
ϕ(0)a ∇mϕ(0)a
]
+
∫
d4x
1
κ
trk
[
−1
2
(Σ¯a)ABΛ
(0)αA[ϕ(0)a ,Λ
(0)B
α ]−
1
2
(Σ¯a)ABC
(αβ)aΛ(0)Aα Λ
(0)B
β
+
1
4
(Σ¯a)ABΛ
(0)αA[ϕ(0)a ,Λ
(0)B
α ]−
i
2
ϕ(0)a F
(0)
mnC
mna
]
, (3.16)
where we have decomposed the Yukawa term for later convenience. The first term in
(3.16) is easily computed as in the case of the undeformed theory. After plugging the
solution of the scalar field in (3.14) into the first term in the above expression, we find
that the C-dependent parts are canceled out and the result is
2π2
κ
trk
[
1
4
(Σ¯a)ABµ¯
Aφ0aµ
B − w¯α˙φ0aφ0awα˙ + w¯α˙φ0awα˙χa
]
. (3.17)
Next, let us consider the second term in (3.16). To compute this term, we use the following
relations
− 1
2
Λ(0)α(MA)[ϕ(0)a ,Λ(0)α (MB)] = −
1
2
(σm)αα˙Λ
(0)α(MA)∇mψ¯α˙A − 1
2
Λ(0)α(MA)Λ(0)α (NA)
−1
2
Λ(0)α (MA)ΞαA, (3.18)
where
ψ¯α˙A = ψ¯
(1)α˙
A + ψ¯
(2)α˙
A + ψ¯
(3)α˙
A ,
ψ¯
(1)
α˙A =
1
4
εABCDU¯MBf∆¯α˙MCfM¯DU,
ψ¯
(2)
α˙A =
1
2
(Σ¯a)ABU¯
{−MBf∆¯α˙M +M∆α˙fM¯B}U,
ψ¯
(3)
α˙A = U¯Qα˙AU,
ΞαA = (Σ¯
a)AB(C
a)α
βΛβ(MB),
(3.19)
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and the matrices M , Qα˙A and N are given by
Mλ
µ = M(u+iα)
(v+jβ) =
(
(ϕ0a)u
v 0
0 (χa)i
jδα
β + δi
j(Ca)α
β
)
, (3.20)
Qα˙A =
(
0 0
0 (Gα˙A)ijδαβ
)
, (3.21)
NA = (Σ¯a)AB
[
MMB −MBχa
]
+ 2
(
0 0
0 Gα˙A
)
aα˙ − 2aα˙Gα˙A, (3.22)
N¯A = (Σ¯a)AB
[−M¯BM + χaM¯B]+ 2a¯α˙
(
0 0
0 G¯α˙A
)
− 2G¯α˙Aa¯α˙. (3.23)
Here Gα˙A is a constant anti-Hermitian matrix and is determined so that NA satisfies
the fermionic ADHM constraint (B.10). The last term in (3.18) cancels the third term in
(3.16) while the first term is rewritten as the total derivative term and does not contribute
to the instanton effective action. The second term in (3.18) is evaluated by Corrigan’s
inner product formula [36], which is expressed as∫
d4x
1
κ
trk
[
−1
2
Λ(0)α(MA)Λ(0)α (NA)
]
=
2π2
κ
trk
[
1
2
(Σ¯a)AB
(
µ¯Aφ0aµ
B − µ¯AµBχa −M′αAM′αBχa
)− 1
4
(Σ¯a)ABC
(αβ)aM′αAM′βB
]
.
(3.24)
Let us calculate the fourth and the last terms in the equation (3.16). To calculate these
terms, we decompose the scalar field
ϕ(0)a = ϕ
(0)
M,a + ϕ
(0)
φ,a + ϕ
(0)
C,a , (3.25)
where
ϕ
(0)
M,a = −
1
4
(Σ¯a)ABU¯MAfM¯BU + U¯
(
0 0
0 χM,a12
)
U, (3.26)
ϕ
(0)
φ,a = U¯
(
φ0a 0
0 χφ,a12
)
U, (3.27)
ϕ
(0)
C,a = U¯
(
0 0
0 χC,a12 + 1kCa
)
U. (3.28)
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We also decompose χa as
χa = χM,a + χφ,a + χC,a , (3.29)
where
χM,a = L
−1
(
1
4
(Σ¯a)AB
(
µ¯AµB +M′αAM′αB
))
, (3.30)
χφ,a = L
−1(w¯α˙φ0awα˙), (3.31)
χC,a = L
−1 (Cmna[a′m, a
′
n]) . (3.32)
Then, we can rewrite the sum of the fourth and the last terms in (3.16) as∫
d4x
1
κ
trk
[
1
4
(Σ¯a)ABΛ
(0)αA[ϕ
(0)
M,a + ϕ
(0)
φ,a,Λ
(0)B
α ]−
1
2
(Σ¯a)ABϕ
(0)
C,aΛ
(0)αAΛ(0)α
B
− i
2
Cmnaϕ
(0)
M,aF
(0)
mn −
i
2
Cmna(ϕ
(0)
φ,a + ϕ
(0)
C,a)F
(0)
mn
]
. (3.33)
The first term in the above integral is independent of C and easily evaluated as
2π2
κ
trk
[
−1
4
(Σ¯a)AB
(
µ¯Aφ0aµ
B − (µ¯AµB +M′αAM′αB)(χM,a + χφ,a))
]
. (3.34)
Since ϕ
(0)
M,a and ϕ
(0)
C,a satisfy
∇2ϕ(0)M,a = (Σ¯a)ABΛ(0)αAΛ(0)Bα , (3.35)
∇2ϕ(0)C,a = −iCmnaF (0)mn, (3.36)
the second and third terms in the integral (3.33) become the total derivatives and are
evaluated as
− 1
2
lim
|x|→∞
2π2|x|3x
m
|x| trk
[
ϕ
(0)
C,a∇mϕ(0)M,a − ϕ(0)M,a∇mϕ(0)C,a
]
. (3.37)
We find that this term vanishes at the boundary |x| → ∞. Finally, we focus on the last
term in (3.33). Since we have the relation
ϕ
(0)
φ,a + ϕ
(0)
C,a = U¯
(
φ0a 0
0 (χφ,a + χC,a)12 + 1kC
a
)
U ≡ U¯MˆU, (3.38)
the last term in (3.33) is rewritten as
− 4(Ca)αβ
∫
d4x
1
κ
trk
[
U¯MˆPbαf b¯βU
]
, (3.39)
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where Pλµ is the projection operator defined by Pλµ ≡ UλuU¯uµ = δµλ−∆λiα˙fij∆¯j α˙µ. The
term (3.39) can be evaluated as in the same way in N = 2 case [27]. The result is
2π2
κ
trk
[
1
4
CmnaCmnaw¯
α˙wα˙ − Cmna(χφ,a + χC,a)[a′m, a′n]
]
. (3.40)
From these results S
(0)
eff can be written in terms of ADHM moduli as follows
S
(0)
eff =
2π2
κ
trk
[
1
2
(Σ¯a)ABµ¯
Aφ0aµ
B − w¯α˙φ0aφ0awα˙ − χaLχa
−1
4
(Σ¯a)ABC
(αβ)aM′αAM′βB +
1
4
CmnaCmnaw¯
α˙wα˙
]
. (3.41)
In the above instanton effective action, the N = 4 ADHM moduli obey the ADHM
constraints (B.4) and (B.10). We introduce auxiliary fieldsDc and ψ¯α˙A for these constraints
and add the Lagrange multiplier terms to the effective action. Then we can show that
the S
(0)
eff can be obtained from the following action by integrating out the auxiliary fields:
S˜
(0)
eff =
2π2
κ
trk
[−[χa, a′m]2 + (wα˙χa − φ0awα˙)(χaw¯α˙ − w¯α˙φ0a)
+
1
2
(Σ¯a)ABµ¯
A(−χaµB + φ0aµB)−
1
2
(Σ¯a)ABM′αAM′αBχa
−1
4
(Σ¯a)ABC
(αβ)aM′αAM′βB − 2Cmna[a′m, a′n]χa +
1
4
CmnaCmnaw¯
α˙wα˙
]
+SADHM. (3.42)
We also call S˜
(0)
eff the instanton effective action. The result does not agree with the string
theory calculation (2.14) at the second order in the deformation parameter. This is the
conceivable result since the (S,A)-deformed gauge theory does not break the translational
invariance and the mass term for the position moduli a′m is not allowed. To resolve this
discrepancy, let us introduce the following term and improve the (S,A)-deformed theory:
δS =
g2
2κ
∫
d4xTr [CmpaCnqax
pxqFmrF nr] . (3.43)
This term does not provide any modifications to the equations of motion at the leading
order in g and hence we can use the same solution (3.14) to calculate the instanton effective
action. The additional contribution to the instanton effective action from the term (3.43)
is easily evaluated as
g2
2κ
∫
d4xTr
[
CmpaCnqax
pxqF (0)mrF (0)nr
]
=
2π2
κ
trk
[
−1
4
(a′ma
′m + w¯α˙wα˙)
]
CpqaCpqa.(3.44)
16
After adding this contribution to (3.42), the improved instanton effective action becomes
the same as (2.14).
Before going to the next section, let us comment on the anti-self-dual case. For the
anti-self-dual case, it is easy to see that these equations are not deformed by C. The
instanton effective action still contains a term F
(0)
mnϕ
(0)
a Cmna, but this term vanishes due
to the self-dual condition of the background (2.13). Therefore the instanton effective
action does not receive any deformation effect for the anti-self-dual case.
4 Ω-background deformation of N = 4 super Yang-
Mills theory
In this section, we discuss the relation between the deformed instanton effective action
obtained in section 2, 3 and the one derived from N = 4 super Yang-Mills theory in the Ω-
background. We will find that the deformed instanton effective action (2.14) is interpreted
as the one calculated in N = 4 super Yang-Mills theory in the Ω-background. Similar to
the Ω-background deformation of four-dimensional N = 2 theories which is given by the
dimensional reduction of the six-dimensional theory [23], the Ω-background deformation
of N = 4 theory can be obtained by the dimensional reduction of the ten-dimensional
N = 1 super Yang-Mills theory in the non-trivial metric
ds210 = (dx
a)2 + (dxm + Ωmadx
a)2, Ωma = Ωmnax
n. (4.1)
Here Ωmna = −Ωnma. The four and six-dimensional indicesm and a are raised and lowered
by flat metric. The Lagrangian of N = 1 super Yang-Mills theory in the metric (4.1) is
given by
L(Ω) = 1
κg2
Tr
√−g
[
−1
4
FMNFPQg
MPgNQ − i
2
Ψ¯eMMΓ
MDMΨ
]
, (4.2)
where FMN = ∂MAN −∂NAM+ i[AM, AN ] is the field strength of the gauge field AM and
Ψ is the ten-dimensional Majorana-Weyl spinor [37]. ΓM is the ten-dimensional gamma
matrix satisfying {ΓM ,ΓN} = −2ηMN . M,N ,P,Q = 0, . . . , 9 are curved indices while
M,N, · · · = 0, . . . , 9 are local Lorentz indices. eMM is the ten-dimensional vielbein and
the covariant derivative is defined by
DM = DM − 1
2
ωMMNΓ
MN , (4.3)
17
where DM∗ = ∂M ∗+i[AM, ∗] and ωMMN is the spin connection. The Lorentz generator
is defined as ΓMN = 1
4
[ΓM ,ΓN ]. We require that the Ω-background spacetime is flat. As
we will see later, this requirement ensures the existence of the supersymmetry for the
instanton effective action. We find that the flatness condition of the spacetime needs
ΩmnaΩnpb − ΩmnbΩnpa = 0. (4.4)
This is the natural generalization of the flatness condition in the six-dimensional Ω-
background [23]. If the flatness condition (4.4) is satisfied, the only non-zero component
in the spin connection for the metric (4.1) is given as
ωAmn = −ΩmnA. (4.5)
After the dimensional reduction to four dimensions, we obtain the deformed N = 4 super
Yang-Mills theory. The action, which is expanded up to the second order in Ωmna, has
the form L(Ω) = L0 + δL(Ω), where L0 is the Lagrangian of N = 4 super Yang-Mills
theory (3.2) and δL(Ω) is the term which depends on the deformation parameter Ωmna.
This is given by
δL(Ω) = 1
κ
Tr
[
gFmnD
mϕaΩ
n
a + ig
2Dmϕa[ϕb, ϕa]Ω
m
b +
g2
2
FmpF
p
nΩ
m
aΩ
n
a
+
g2
2
DmϕbDnϕaΩ
m
aΩ
n
b − ig
3
2
Fmn[ϕa, ϕb]Ω
m
aΩ
n
b − g
2
2
DmϕaDnϕaΩ
m
bΩ
n
b
+
ig
2
Ωma
[
(Σ¯a)ABΛ
αADmΛα
B + (Σa)ABΛ¯α˙ADmΛ¯
α˙
B
]
−ig
4
Ωmna
[
(Σ¯a)ABΛ
αA(σmn)α
βΛβ
B + (Σa)ABΛ¯α˙A(σ¯
mn)α˙β˙Λ¯
β˙
B
]]
+O(Ω3).
(4.6)
Here we have rescaled all the fields and the deformation parameter as (Am, ϕa,Λα
A,Ωma)→
g(Am, ϕa,Λα
A,Ωma) so that one can see clearly the power of the gauge coupling constant
in each term.
Now we are interested in the instanton effective action of this deformed theory. As-
suming the self-dual condition of the gauge field and using the gauge coupling expansion
18
of the solution (3.9), the equations of motion at the leading order in g are given by
i(σ¯m)α˙α∇mΛ(0)α A = 0,
i(σm)αα˙∇mΛ¯(0)α˙A + (Σa)AB[ϕ(0)a ,Λ(0)α B]
− iΩma(Σ¯a)AB∇mΛ(0)α B +
i
2
Ωmn
a(Σ¯a)AB(σ
mn)α
βΛ
(0)
β
B = 0,
∇2ϕ(0)a + F (0)mnΩmna − (∇mF (0)mn)Ωna = (Σ¯a)ABΛ(0)Aα Λ(0)αB ,
∇m(F (0)mn + F˜ (0)mn) = 0.
(4.7)
If we identify the Ω-background and (S,A)-background parameters through the relation
Ωmna = iCmna, (4.8)
the equations of motion for A
(0)
m , ϕ
(0)
a ,Λ(0) are precisely equivalent to the one in the (S,A)-
deformed N = 4 super Yang-Mills theory (3.4) because of the self-dual condition of the
gauge field and the deformation parameters (2.13). On the other hand, the equation for
Λ¯(0) is different from the (S,A)-deformed theory. However, this does not matter when we
discuss the instanton effective action because the contributions of Λ¯(0) to the instanton
effective action is subleading order in g and have no effects in the semi-classical approxima-
tion. Explicitly, after expanding the spacetime action around the instanton background,
the terms at the order g0 are given by
S
(0)
eff (Ω) =
∫
d4x
1
κ
Tr
[
1
2
∇mϕ(0)a ∇mϕ(0)a −
1
2
(Σ¯a)ABΛ
(0)αA[ϕ(0)a ,Λ
(0)B
α ]− F (0)mnϕ(0)a Ωmna
−1
2
F (0)mpF (0)p
nΩm
aΩn
a +
i
4
Ωmna(Σ¯
a)ABΛ
(0)αA(σmn)αβΛ
(0)βB
]
. (4.9)
There is no Λ¯(0)-dependence in (4.9). Here we have used
Ωma(Σ¯
a)ABΛ
(0)αA∇mΛ(0)α B = −Ωmna(Σ¯a)ABΛ(0)αA(σmn)αβΛ(0)βB
+(total derivative), (4.10)
and the total derivative part does not contribute to S
(0)
eff (Ω) in the instanton background.
Therefore, the instanton effective action for the N = 4 super Yang-Mills theory in the
Ω-background (4.9) is equivalent to the one for the N = 4 (S,A)-deformed Yang-Mills
theory (3.16) with the improvement term (3.43) under the identification (4.8).
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5 (A,S)-deformed instanton effective action
In this section, we introduce the (A,S)-type background and study the deformed instanton
effective action. In [25], we imposed the self-dual condition for the internal indices of
the (A,S)-type background. In this paper we will consider the anti-self-dual condition,
which induces the holomorphic deformation of the effective action. The vertex operator
corresponding to this background in the (−1/2,−1/2) picture is given as
V
(−1/2,−1/2)
F (z, z¯) = (2πα
′)F [α˙β˙](AB)Sα˙SAe− 12φ(z)Sβ˙SBe−
1
2
φ(z¯). (5.1)
As in the case of the (S,A)-background, the non-zero amplitudes which include one (A,S)-
background vertex operator are found to be
〈〈V (−1/2)M′ V (−1/2)M′ V (−1/2,−1/2)F 〉〉, 〈〈V (−1/2)µ¯ V (−1/2)µ V (−1/2,−1/2)F 〉〉. (5.2)
These amplitudes are evaluated in appendix A. After taking the zero-slope limit, these
amplitudes are reproduced by the following interactions on the D(−1)-branes
δS(A,S) = −2π
2
κ
trk
[(
2µ¯AµB +M′αAM′αB
)
m(AB)
]
, (5.3)
where we have defined the deformation parameter
m(AB) ≡ πi(2πα′) 12F [α˙β˙](AB)εα˙β˙. (5.4)
This result is also derived from the field theory side. The (A,S)-background induces new
interaction terms on the D3-branes giving the deformed N = 4 super Yang-Mills theory.
After the Wick rotation the action of the (A,S)-deformed N = 4 super Yang-Mills theory
is [25]
Sˆ =
∫
d4x (L0 + δL(A,S)), (5.5)
where L0 is the Lagrangian of N = 4 super Yang-Mills theory (3.2) and δL(A,S) is the
induced interaction term given by
δL(A,S) = 1
κ
Tr
[
−g2(ΣaΣ¯bΣc)ABϕaϕbϕcm(AB) + 2gΛαAΛαBm(AB)
−1
4
g2(ΣaΣ¯bΣc)AB(ΣaΣ¯bΣd)CDϕcϕdm(AB)m(CD)
]
. (5.6)
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Since there are no gauge field interactions in (5.6), the (anti-)self-dual condition for the
gauge fields F
(±)
mn = 0 is not modified by the (A,S)-background. As discussed in section 2,
we expand the fields by the gauge coupling constant g and solve the equations of motion
at the leading order in g. When we consider the anti-self-dual condition, we find that all
the terms in (5.6) are subleading order in g. Therefore there are no (A,S)-background
corrections to the instanton effective action for the anti-self-dual case. On the other hand,
when we consider the self-dual case and expansion (3.9), we find that the bi-fermion term
in (5.6) contributes to the instanton effective action while other terms are subleading
order in g. This bi-fermion term is recognized as the mass term for the chiral fermion
Λ. It is known that the chiral mass term is enough to see the effects of the instanton
corrections to holomorphic quantities [35].
The equations of motion at the leading order for all the fields except Λ¯(0) are the same
with that of the undeformed N = 4 super Yang-Mills theory. We can use the solution for
the ordinary N = 4 super Yang-Mills theory to compute the bi-fermion term. This term
is evaluated by using Corrigan’s inner product formula and the result is∫
d4x
2
κ
Tr
[
Λ(0)αAΛ(0)α
B
]
m(AB) = −2π
2
κ
trk
[
2µ¯AµB +M′αAM′αB
]
m(AB). (5.7)
This completely agrees with the result of the string theory calculation (5.3) [38]. The
instanton effective action for the (A,S)-deformed N = 4 super Yang-Mills theory is there-
fore given by the sum of (2.3) and (5.7). In a suitable basis of SU(4)R, the mass matrix
is diagonalized as m(AB) = diag(m1, m2, m3, m4). If all the eigenvalues m1, . . . , m4 are
non-zero, the deformed instanton effective action corresponds to the one in massive defor-
mation of N = 4 super Yang-Mills theory. In particular, if two eigenvalues are zero and
the others take the same non-zero value, the deformed instanton effective action is that
of the mass deformed N = 2∗ super Yang-Mills theory [38, 39, 40]. If one or three of the
eigenvalues vanish and the others are non-zero, the deformed instanton effective action
is that of the mass deformed N = 4 super Yang-Mills theory which preserves N = 1
supersymmetry [35].
The instanton effective action for the (A,S)-deformedN = 4 super Yang-Mills theory is
invariant under the supersymmetry transformation (2.4) with the following modifications
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for the transformations of Yma, Xα˙a, X¯α˙a, ψ¯
α˙
A,
δ′Yma =2iξ¯
β˙
C(Σ
a)AC(σm)αβ˙M′αBm(AB),
δ′Xα˙a =4iξ¯α˙C(Σ
a)ACµBm(AB),
δ′X¯ α˙a =− 4iξ¯α˙C(Σa)ACµ¯Bm(AB),
δ′ψ¯α˙A =4ξ¯
α˙
C(Σ
a)BCχam(AB) − 4ξ¯α˙C(Σa)BCφ0am(AB).
(5.8)
For these fields, the deformed supersymmetry transformation is given by δ + δ′ while for
another fields, the supersymmetry transformation is not modified.
Finally, when we introduce the (S,A) and (A,S)-backgrounds simultaneously, the fol-
lowing cross term would be induced in the low-energy effective Lagrangian
Lcross ∼ 1
κ
Tr
[
g2[ϕa, ϕb]Cmnc(Σ
aΣ¯bΣc)ABmAB
]
, (5.9)
where the overall coefficient is determined through the explicit calculations of the open
string disk amplitudes. This term is subleading order in g both in the self-dual and anti-
self-dual cases. Therefore the instanton effective action for the self-dual case is simply
given by the sum of (3.42) and (5.7).
6 Conclusions and discussion
In this paper, we investigated the instanton effective action of the N = 4 super Yang-Mills
theory deformed by the (S,A) and (A,S)-type backgrounds both from the string theory
and field theory viewpoints.
In the string theory side, the instanton effective action is interpreted as the effective
action of the D(−1)-branes in the D3-D(−1) system. This is evaluated from the disk
amplitudes of open strings which have at least one endpoint attached on the D(−1)-
branes. The R-R background is introduced by an insertion of the closed string vertex
operators into the disk amplitudes.
In the case of (S,A)-type deformation, the moduli a′m corresponding to the position of
instantons get their mass at the second order of the background and hence these are fixed
at the origin in the D3-brane worldvolume. This implies that the translational invariance
is broken in the gauge theory.
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On the other hand, from the viewpoint of the field theory, the instanton effective
action is obtained through the ADHM construction of solutions in the (S,A)-deformed
N = 4 super Yang-Mills theory. Since this theory has the translational invariance, there
is no mass term for a′m in the instanton effective action. However, once we improve the
spacetime action, the instanton effective action agrees with the string theory calculation.
We then compared the improved action for the (S,A)-deformed gauge theory with the
one derived from the gauge theory in the Ω-background. The interaction terms contain
explicit coordinate dependence and are quite different from the improved (S,A)-deformed
theory. Nevertheless, we found that the equations of motion at the leading order in the
self-dual gauge field background of the both theories coincide except for the one for the
anti-chiral fermions. The instanton effective action in both theories also coincides. This
is similar to the N = 2 case [27, 28].
We also studied the effect of the (A,S)-type background. It can be interpreted as
the mass term for the chiral fermion in the instanton effective action. Choosing the
eigenvalues of the mass matrix appropriately, we obtained the instanton effective actions
corresponding to massive deformations of N = 4 super Yang-Mills theory with N = 2 or
N = 1 supersymmetry. Thus the R-R 3-form backgrounds provide various deformations
of field theories and instantons.
In this paper, we also showed the supersymmetry invariance of the deformed instanton
effective action. It is important to study the topological symmetry of the deformed action
since the BRST exactness of the instanton effective action is essential in the calculation
of the instanton partition function. This subject will be discussed in a separate paper.
Recently, it is recognized that the deformation by the R-R 3-form background also
plays an important role to investigate the heterotic-type I′ duality in study of eight-
dimensional exotic instantons [41, 42]. It would be interesting to study general deformed
gauge theories and their non-perturbative effects in various dimensions and R-R back-
grounds.
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A Detailed calculation of the disk amplitudes
In this appendix, we present the detailed calculations of the open string disk amplitudes
including an insertion of the vertex operator corresponding to the closed string back-
grounds. Our conventions and notations on the type IIB string worldsheet variables are
found in [14, 17, 25]. We make use of the NSR formalism to calculate the amplitudes in
ten-dimensional Euclidean spacetime. We are interested in open string disk amplitudes
with at least one edge of the disk is attached on the D(−1)-branes. The open string ver-
tex operators are inserted at the boundary of the disk parametrized by real coordinates
yi while the closed string vertex operator is inside the disk parametrized by a complex
coordinate z. In general, the (n + 2)-point disk amplitude with n open string vertex
operators V
(qi)
Φi
(yi) and one closed string vertex operator V
(−1/2,−1/2)
F (z, z¯) with at least
one boundary on the D(−1)-branes is given by
〈〈V (q1)Φ1 · · ·V
(qn)
Φn
V
(−1/2,−1/2)
F 〉〉 = C−1
∫ ∏n
i=1 dyidzdz¯
dVCKG
〈V (q1)Φ1 (y1) · · ·V
(qn)
Φn
(yn)V
(−1/2,−1/2)
F (z, z¯)〉,
(A.1)
where C−1 =
1
2pi2α′2
1
κg2
0
is the normalization factor of the disk amplitudes. dVCKG is an
SL(2,R) invariant volume factor of the conformal Killing group to fix three positions of
the vertex operators. We fix z → i, z¯ → −i and one of the yi to ∞ in the following
calculations. Note that because we are considering disk amplitudes, all the φ-charges in
the bosonic ghost should add up to −2. In the following, we separately calculate the disk
amplitudes with an insertion of the (S,A) and (A,S)-background.
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A.1 (S,A)-background
As we mentioned in section 2, there are only two non-zero amplitudes containing one
vertex operator of the (S,A)-background, which are given as
〈〈V (−1/2)M′ V (−1/2)M′ V (−1/2,−1/2)F 〉〉, 〈〈V (0)Y V (0)a′ V (−1/2,−1/2)F 〉〉. (A.2)
The first amplitude is
〈〈V (−1/2)M′ V (−1/2)M′ V (−1/2,−1/2)F 〉〉 =
1
2π2α′2
1
κg20
(2πα′)2g20(π
2)trk
[
M′αAM′βB(2πα′) 12F (γδ)[CD]
]
×
∫ y1
−∞
dy2 (y1 − z)(y1 − z¯)(z − z¯)〈e− 12φ(y1)e− 12φ(y2)e− 12φ(z)e− 12φ(z¯)〉
×〈Sα(y1)Sβ(y2)Sγ(z)Sδ(z¯)〉〈SA(y1)SB(y2)SC(z)SD(z¯)〉. (A.3)
Here the correlators are calculated as
〈e− 12φ(y1)e− 12φ(y2)e− 12φ(z)e− 12φ(z¯)〉 = [(y1 − y2)(y1 − z)(y1 − z¯)(y2 − z)(y2 − z¯)(z − z¯)]−
1
4 , (A.4)
〈Sα(y1)Sβ(y2)Sγ(z)Sδ(z¯)〉 = [(y1 − y2)(y1 − z)(y1 − z¯)(y2 − z)(y2 − z¯)(z − z¯)]−
1
2
×{εαδεβγ(y1 − y2)(z − z¯)− εαβεγδ(y1 − z¯)(y2 − z)} , (A.5)
〈SA(y1)SB(y2)SC(z)SD(z¯)〉 = εABCD [(y1 − y2)(y1 − z)(y1 − z¯)(y2 − z)(y2 − z¯)(z − z¯)]−
1
4 .
(A.6)
We have omitted the overall cocycle factor [43] which will be multiplied at the end of
calculations. After fixing the positions of vertex operators such as y1 →∞, z → i, z¯ → −i,
and integrating over y2, we get
〈〈V (−1/2)M′ V (−1/2)M′ V (−1/2,−1/2)F 〉〉 =
2π2
κ
trk
[
1
2
(Σ¯a)ABM′Aα M′Bβ (2πi2)(2πα′)
1
2 (Σ¯a)CDF (αβ)[CD]
]
,
(A.7)
where we have used the relation εABCD =
1
2
(Σ¯a)AB(Σ¯
a)CD and multiplied the cocycle
factor which has been evaluated as +i.
The second amplitude in (A.2) is
〈〈V (0)Y V (−1)a′ V (−1/2,−1/2)F 〉〉 =
1
2π2α′2
1
κg20
(2πα′)2g20
(
4π2√
2
)
trk
[
Ymaa
′
n(2πα
′)
1
2F (αβ)[AB]
]
×
∫ y1
−∞
dy2 (y1 − z)(y1 − z¯)(z − z¯)〈e−φ(y2)e− 12φ(z)e− 12φ(z¯)〉
×〈ψmψa(y1)ψn(y2)Sα(z)SA(z)Sβ(z¯)SB(z¯)〉. (A.8)
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The correlator of the ghost fields is evaluated as
〈e−φ(y2)e− 12φ(z)e− 12φ(z¯)〉 = (y1 − z)− 12 (y1 − z¯)− 12 (z − z¯)− 14 . (A.9)
The correlator including spin fields is calculated as
〈ψmψa(y1)ψn(y2)Sα(z)SA(z)Sβ(z¯)SB(z¯)〉
=
δmn
(y1 − y2)〈ψ
a(y2)Sα(z)SA(z)Sβ(z¯)SB(z¯)〉
+
1
2
(y1 − z)(σm)αα˙(Σ¯a)AC〈ψn(y2)Sα˙(z)SC(z)Sβ(z¯)SB(z¯)〉
+
1
2
(y1 − z¯)(σm)ββ˙(Σ¯a)BD〈ψn(y2)Sα(z)SA(z)S β˙(z¯)SD(z¯)〉, (A.10)
where we have used the fact that ψmψa acts on the other fields in the correlator as the ten-
dimensional Lorentz generator [43]. The first term in the above equation is proportional
to εαβ and will vanish when it is contracted with F (αβ) while the second and the third
terms are evaluated as
1
2
√
2
(y1 − z)−1
[
(y2 − z)− 12 (y2 − z¯)− 12 (z − z¯)− 34
]
(σm)αα˙(σ¯
n)α˙β(Σ¯
a)AB
+
1
2
√
2
(y1 − z¯)−1
[
(y2 − z)− 12 (y2 − z¯)− 12 (z − z¯)− 34
]
(σm)ββ˙(σ¯
n)β˙α(Σ¯
a)BA. (A.11)
Here we have used the following relations
〈ψn(y2)Sα˙(z)Sβ(z¯)〉 = 1√
2
(σ¯n)α˙β(y2 − z)− 12 (y2 − z¯)− 12 , (A.12)
〈ψn(y2)Sα(z)S β˙(z¯)〉 = 1√
2
(σn)α
β˙(y2 − z)− 12 (y2 − z¯)− 12 , (A.13)
〈SA(z)SB(z¯)〉 = δAB(z − z¯)− 34 . (A.14)
After evaluating the y2 integration, the second amplitude in (A.2) is obtained as
〈〈V (0)Y V (−1)a′ V (−1/2,−1/2)F 〉〉=
2π2
κ
trk
[
− i√
2
(2πi)(σmn)αβ(Σ¯
a)ABYmaa
′
n(2πα
′)
1
2F (αβ)[AB]
]
,(A.15)
where we have multiplied the cocycle factor which has been calculated as +i.
A.2 (A,S)-background
The non-zero amplitudes including one (A,S)-background vertex operator are
〈〈V (−1/2)M′ V (−1/2)M′ V (−1/2,−1/2)F 〉〉, 〈〈V (−1/2)µ¯ V (−1/2)µ V (−1/2,−1/2)F 〉〉. (A.16)
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The first amplitude is
〈〈V (−1/2)M′ V (−1/2)M′ V (−1/2,−1/2)F 〉〉 =
1
2π2α′2
1
κg20
(2πα′)2π2g20trk
[
M′αAM′βB(2πα′) 12F [α˙β˙](CD)
]
×
∫ y1
−∞
dy2 (y1 − z)(y1 − z¯)(z − z¯)〈e− 12φ(y1)e− 12φ(y2)e− 12φ(z)e− 12φ(z¯)〉
×〈Sα(y1)Sβ(y2)〉〈Sα˙(z)Sβ˙(z¯)〉〈SA(y1)SB(y2)SC(z)SD(z¯)〉. (A.17)
The spin field correlators in the above equation are evaluated as
〈Sα(y1)Sβ(y2)〉 = εαβ(y1 − y2)− 12 , (A.18)
〈Sα˙(z)Sβ˙(z¯)〉 = εα˙β˙(z − z¯)−
1
2 , (A.19)
〈SA(y1)SB(y2)SC(z)SD(z¯)〉 = [(y1 − y2)(y1 − z)(y1 − z¯)(y2 − z)(y2 − z¯)]−
3
4 (z − z¯)− 14
× [−(y1 − z¯)(y2 − z)δACδBD + (y1 − z)(y2 − z¯)δADδBC] .
(A.20)
The correlator of the ghost part is given in (A.4). After performing the y2 integration ,
the result is
〈〈V (−1/2)M′ V (−1/2)M′ V (−1/2,−1/2)F 〉〉 =
2π2
κ
trk
[
2M′αAM′αBπi(2πα′)
1
2F [α˙β˙](AB)εα˙β˙
]
. (A.21)
Here the cocycle factor has been evaluated as +1.
The second amplitude is
〈〈V (−1/2)µ¯ V (−1/2)µ V (−1/2,−1/2)F 〉〉 =
1
2π2α′2
1
κg20
(2πα′)2g20π
2
(
2√
2
2
)
trk
[
µ¯AµB(2πα′)
1
2F [α˙β˙](CD)
]
×
∫ y1
−∞
dy2 (y1 − z)(y2 − z¯)(z − z¯)〈e− 12φ(y1)e− 12φ(y2)e− 12φ(z)e− 12φ(z¯)〉
×〈∆¯(y1)∆(y2)〉〈Sα˙(z)Sβ˙(z¯)〉〈SA(y1)SB(y2)SC(z)SD(z¯)〉. (A.22)
The correlators of the ghost and spin fields have been evaluated in (A.4), (A.19), (A.20).
The correlator of the twist field is given as
〈∆¯(y1)∆(y2)〉 = (y1 − y2)− 12 . (A.23)
After performing the y2 integration, we find
〈〈V (−1/2)µ¯ V (−1/2)µ V (−1/2,−1/2)F 〉〉 =
2π2
κ
trk
[
2µ¯AµBπi(2πα′)
1
2F [α˙β˙](AB)εα˙β˙
]
. (A.24)
Here the cocycle factor has been absorbed into the redefinition of µ and µ¯.
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B The ADHM construction
Here we briefly summarize the ADHM construction of instantons with topological number
k, where k is a positive integer. We introduce the (N + 2k) × 2k matrix ∆λjα˙ which is
given by
∆λjα˙ = aλjα˙ + bλj
βσmβα˙x
m, (B.1)
where α, α˙ = 1, 2, λ = 1, 2, . . . , N + 2k and i, j = 1, 2, . . . , k. aλjα˙ and bλj
β are the
constant matrices. They are decomposed as
aλjα˙ =
(
wujα˙
(a′αα˙)ij
)
, bλj
β =
(
0
δijδαβ
)
, λ = u+ iα, u = 1, 2, . . . , N. (B.2)
These matrices w, a′ are called bosonic ADHM moduli. ∆ obeys the condition
∆¯α˙λi ∆λjβ˙ = (f
−1)ijδ
α˙
β˙, fij =
[
1
2
w¯α˙ui wujα˙+(xmδik+(a
′
m)ik)(x
mδkj+(a
′m)kj)
]−1
, (B.3)
where the barred matrix denotes its Hermitian conjugate. The first equation in (B.3)
is called ADHM constraint. In terms of the ADHM moduli a′, w, and w¯, the ADHM
constraint can be rewritten as
(τ c)α˙
β˙
(w¯β˙wα˙ + a¯
′β˙αa′αα˙) = 0, a
′
m = a¯
′
m. (B.4)
We also introduce (N + 2k)×N matrix U which satisfies
∆¯U = 0, U¯U = 1N , UU¯ +∆α˙f∆¯
α˙ = 1N+2k, (B.5)
where 1N is the N ×N identity matrix. Then the self-dual equation F (0)(−)mn = 0 is solved
in terms of U as
A(0)m = −iU¯∂mU. (B.6)
The corresponding gauge field strength F
(0)
mn is given by
F (0)mn = −4iU¯bα(σmn)αβf b¯βU. (B.7)
We discuss the fermionic part inN = 4 theory. We solve the Dirac equation σ¯m∇mΛ(0)A =
0, where ∇m denotes the covariant derivative in the self-dual instanton background. The
ansatz of the solution is
Λ(0)Aα = U¯(MAf b¯α − bαfM¯A)U, (B.8)
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where MA is the (N + 2k)× k constant matrix. Plugging (B.8) into the Dirac equation,
we obtain
σ¯m∇mΛ(0)A = 2U¯bαf(M¯A∆+ ∆¯MA)f b¯αU. (B.9)
Then we have the fermionic ADHM constraint:
M¯A∆+ ∆¯MA = 0, (B.10)
or equivalently
µ¯Awα˙ + w¯α˙µ
A + [M′αA, a′αα˙] = 0, M′A = M¯′A, (B.11)
where we have decomposed MA as
MAλj =
(
µAuj
(M′Aα )ij
)
, (B.12)
µAuj and M′Aα are called the fermionic ADHM moduli.
Now we solve the equation of motion for the scalar field ϕ
(0)
a (3.12) with the asymptotic
boundary condition lim|x|→∞ ϕ
(0)
a = φ0a. First we consider the case of C = 0. The ansatz
of the solution is
ϕ(0)a = −
1
4
(Σ¯a)ABU¯MAfM¯BU + U¯
(
φ0a 0
0 χa12
)
U. (B.13)
Computing ∇2ϕ(0)a explicitly, we obtain
∇2ϕ(0)a = (Σ¯a)ABΛ(0)AΛ(0)B + 4U¯bf
[
1
4
(Σ¯a)ABM¯AMB − {f−1, χa}+ ∆¯α˙
(
φ0a 0
0 χa12
)
∆α˙
]
f b¯U
= (Σ¯a)ABΛ
(0)AΛ(0)B + 4U¯bf
(
1
4
(Σ¯a)ABM¯AMB − Lχa + w¯α˙φ0awα˙
)
f b¯U, (B.14)
where Lχa is defined by
Lχa ≡ 1
2
{
w¯α˙wα˙, χa
}
+
[
a′m, [a
′m, χa]
]
. (B.15)
Then ϕ
(0)
a satisfies the equation of motion if χa satisfies
Lχa =
1
4
(Σ¯a)ABM¯AMB + w¯α˙φ0awα˙. (B.16)
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In the case of C 6= 0 we change the ansatz of the solution as
ϕ(0)a = −
1
4
(Σ¯a)ABU¯MAfM¯BU + U¯
(
φ0a 0
0 χa12 + 1kCa
)
U, (B.17)
where Ca is the 2 × 2 matrix of which components are (Ca) βα = (σmn)αβCmna. Now one
can show that
∇2ϕ(0)a = (Σ¯a)ABΛ(0)AΛ(0)B + 4U¯bf
[
1
4
(Σ¯a)ABM¯AMB
− 2f−1Ca − {f−1, χa}+ ∆¯α˙
(
φ0a 0
0 χa12 + 1kCa
)
∆α˙
]
f b¯U.
(B.18)
The second term in the square brackets in (B.18) becomes the deformation term−iCmnaF (0)mn
in the equation of motion by using (B.7). The C-dependent part in the last term in the
square brackets becomes
∆¯α˙
(
0 0
0 1kCa
)
∆α˙ = (a¯
′ + xmσ¯m)
α˙α(Ca)α
β(a′ + xnσn)βα˙ = C
mna[a′m, a
′
n]. (B.19)
Then we obtain
∇2ϕ(0)a = (Σ¯a)ABΛ(0)AΛ(0)B − iCmnaF (0)mn
+ 4U¯bf
(
1
4
(Σ¯a)ABM¯AMB − Lχa + w¯α˙φ0awα˙ + Cmna[a′m, a′n]
)
f b¯U.
(B.20)
Hence ϕ
(0)
a is the solution of the deformed equation of motion if χa satisfies
Lχa =
1
4
(Σ¯a)ABM¯AMB + w¯α˙φ0awα˙ + Cmna[a′m, a′n]. (B.21)
References
[1] C. S. Chu and P. M. Ho, Nucl. Phys. B 550 (1999) 151 [arXiv:hep-th/9812219].
[2] N. Seiberg and E. Witten, JHEP 9909 (1999) 032 [arXiv:hep-th/9908142].
[3] N. Nekrasov and A. S. Schwarz, Commun. Math. Phys. 198 (1998) 689
[arXiv:hep-th/9802068].
30
[4] M. Bershadsky, S. Cecotti, H. Ooguri and C. Vafa, Nucl. Phys. B 405 (1993) 279
[arXiv:hep-th/9302103],
Commun. Math. Phys. 165 (1994) 311 [arXiv:hep-th/9309140].
[5] I. Antoniadis, E. Gava, K. S. Narain and T. R. Taylor, Nucl. Phys. B 413 (1994)
162 [arXiv:hep-th/9307158].
[6] R. Dijkgraaf and C. Vafa, Nucl. Phys. B 644 (2002) 3 [arXiv:hep-th/0206255].
[7] H. Ooguri and C. Vafa, Adv. Theor. Math. Phys. 7 (2003) 53 [arXiv:hep-th/0302109],
Adv. Theor. Math. Phys. 7 (2004) 405 [arXiv:hep-th/0303063].
[8] N. Berkovits and N. Seiberg, JHEP 0307 (2003) 010 [arXiv:hep-th/0306226].
[9] J. de Boer, P. A. Grassi and P. van Nieuwenhuizen, Phys. Lett. B 574 (2003) 98
[arXiv:hep-th/0302078].
[10] N. Seiberg, JHEP 0306 (2003) 010 [arXiv:hep-th/0305248].
[11] T. Araki, K. Ito and A. Ohtsuka, Phys. Lett. B 573 (2003) 209
[arXiv:hep-th/0307076].
[12] A. Imaanpur, JHEP 0309 (2003) 077 [arXiv:hep-th/0308171],
R. Britto, B. Feng, O. Lunin and S. J. Rey, Phys. Rev. D 69, 126004 (2004)
[arXiv:hep-th/0311275],
S. Giombi, R. Ricci, D. Robles-Llana and D. Trancanelli, JHEP 0510, 021 (2005)
[arXiv:hep-th/0505077],
T. Araki, T. Takashima and S. Watamura, JHEP 0512 (2005) 044
[arXiv:hep-th/0510088].
[13] M. Billo´, M. Frau, I. Pesando and A. Lerda, JHEP 0405 (2004) 023
[arXiv:hep-th/0402160].
[14] K. Ito and S. Sasaki, JHEP 0611 (2006) 004 [arXiv:hep-th/0608143].
[15] E. Ivanov, O. Lechtenfeld and B. Zupnik, JHEP 0402, 012 (2004)
[arXiv:hep-th/0308012].
31
[16] S. Ferrara, E. Ivanov, O. Lechtenfeld, E. Sokatchev and B. Zupnik, Nucl. Phys. B
704 (2005) 154 [arXiv:hep-th/0405049].
[17] K. Ito, Y. Kobayashi and S. Sasaki, JHEP 0704 (2007) 011 [arXiv:hep-th/0612267].
[18] A. Imaanpur, JHEP 0503 (2005) 030 [arXiv:hep-th/0501167].
[19] R. Abbaspur and A. Imaanpur, JHEP 0601, 017 (2006) [arXiv:hep-th/0509220].
[20] C. S. Chu, S. H. Dai and D. J. Smith, JHEP 0805, 029 (2008) [arXiv:0803.0895
[hep-th]].
[21] C. Saemann and M. Wolf, JHEP 0403, 048 (2004) [arXiv:hep-th/0401147].
[22] M. Billo, M. Frau, F. Fucito and A. Lerda, JHEP 0611 (2006) 012
[arXiv:hep-th/0606013].
[23] N. A. Nekrasov, Adv. Theor. Math. Phys. 7 (2004) 831 [arXiv:hep-th/0206161].
[24] N. Nekrasov and A. Okounkov, arXiv:hep-th/0306238.
[25] K. Ito, H. Nakajima and S. Sasaki, JHEP 0707 (2007) 068 [arXiv:0705.3532 [hep-th]].
[26] M. F. Atiyah, N. J. Hitchin, V. G. Drinfeld and Yu. I. Manin, Phys. Lett. A 65
(1978) 185.
[27] K. Ito, H. Nakajima and S. Sasaki, JHEP 0812 (2008) 113 [arXiv:0811.3322 [hep-th]].
[28] S. Sasaki, K. Ito and H. Nakajima, arXiv:0710.2218 [hep-th],
H. Nakajima, K. Ito and S. Sasaki, AIP Conf. Proc. 1078, 438 (2009).
[29] J. Wess and J. Bagger, “Supersymmetry and Supergravity”, Princeton University
Press, 1992.
[30] M. R. Douglas, arXiv:hep-th/9512077. E. Witten, J. Geom. Phys. 15, 215 (1995)
[arXiv:hep-th/9410052].
[31] M. Billo´, M. Frau, I. Pesando, F. Fucito, A. Lerda and A. Liccardo, JHEP 0302
(2003) 045 [arXiv:hep-th/0211250].
32
[32] L. J. Dixon, J. A. Harvey, C. Vafa and E. Witten, Nucl. Phys. B 261 (1985) 678,
S. Hamidi and C. Vafa, Nucl. Phys. B 279 (1987) 465,
L. J. Dixon, D. Friedan, E. J. Martinec and S. H. Shenker, Nucl. Phys. B 282 (1987)
13.
[33] J. Polchinski, Phys. Rev. Lett. 75 (1995) 4724 [arXiv:hep-th/9510017].
[34] N. Dorey, T. J. Hollowood and V. V. Khoze, JHEP 0103, 040 (2001)
[arXiv:hep-th/0011247].
[35] N. Dorey, T. J. Hollowood, V. V. Khoze and M. P. Mattis, Phys. Rept. 371 (2002)
231 [arXiv:hep-th/0206063].
[36] N. Dorey, T. J. Hollowood, V. V. Khoze, M. P. Mattis and S. Vandoren, Nucl. Phys.
B 552 (1999) 88 [arXiv:hep-th/9901128].
[37] L. Brink, J. H. Schwarz and J. Scherk, Nucl. Phys. B 121 (1977) 77.
[38] T. J. Hollowood, Nucl. Phys. B 639 (2002) 66 [arXiv:hep-th/0202197].
[39] N. Dorey, V. V. Khoze and M. P. Mattis, Phys. Lett. B 396 (1997) 141
[arXiv:hep-th/9612231].
[40] U. Bruzzo, F. Fucito, J. F. Morales and A. Tanzini, JHEP 0305, 054 (2003)
[arXiv:hep-th/0211108].
[41] M. Billo, L. Ferro, M. Frau, L. Gallot, A. Lerda and I. Pesando, JHEP 0907 (2009)
092 [arXiv:0905.4586 [hep-th]].
[42] F. Fucito, J. F. Morales and R. Poghossian, arXiv:0906.3802 [hep-th].
[43] V. A. Kostelecky, O. Lechtenfeld, W. Lerche, S. Samuel and S. Watamura, Nucl.
Phys. B 288 (1987) 173.
33
